This paper develops a method for the design of FIR digital filters with "sum of power of two" (SP2) coefficients. It is shown that the integer programming involved in the design can be "relaxed' to a semidefinite programming (SDP) problem which is known to be solvable using efficient SDP solvers in polynomial time. Simulations demonstrate that the SDP-relaxation-based designs often yield near-optimal performance with considerably reduced computational complexity.
INTRODUCTION
There has been significant research interest in the design of digital filters with discrete coefficients in the last three decades [I]- [9] . Here the term "discrete coefficient" refers to a real value that can be expressed as sum of a small number of power-of-two terms. For brevity we call it a SP2 (sum of power of two) coefficient. The prim'ary reason we are interested in digital filters with SP2 coefficients is that they admit fast implementations which require no multiplications but superposition of shifted versions of the input signal. A technical difficulty encountered in designing a general optimum filter with SP2 coefficients is its nonpolynomial-time design complexity since the design is essentially an integer programming (IP) or mixed IP problem which is known to be NP-hard [ IO] .
In this paper, we employ a semidefinite programming (SDP) relaxation approach to the design problem. As a subclass of convex programming (CP) problems for which any local minimizer is a global minimizer, SDP problems can be solved using efficient interior-point algorithms with polynomial-time complexity. Although the solution obtained using the proposed SDP relaxation can only be claimed as suboptimal for the original design problem, simulations demonstrate that the suboptimal solutions obtained for a variety of filter types and a wide range of filter lengths are of excellent quality.
A DESIGN METHOD BASED ON

SDP RELAXATION
There are three major steps in the proposed design method, namely, (i) design of an FIR filter with continuous coefficients that approximates a desired frequency response in a certain optimal sense: (ii) a subsequent formulation of the design of an FIR digital filter with SP2 coefficients (based on the available continuous-coefficient FIR filter) as a {-1, 1)-optimization problem; and (iii) an SDP relaxation of the {-1, 1)-optimization problem obtained in Step (ii). These steps are described in the rest of this section. 
where L17(w) 2 0 is a weighting function. is minimized, and the FIR filter obtained is represented by 
The P2-term allocation can be c'mied out based on some criterion such as magnitudes of the coefficients in the continuous-coefficient FIR function H c ( ; ) , or something more sophisticated [7] . Typically, the P2 terms in the representation of { d k } are within a given range, say, between 2-r and 2-L with positive integers L < U.
For example. with a given term allocation n z k , the discrete coefficient dr; in ( Thus the frequency response of discrete-coefficient FIR function H ( 2 ) in ( 3 ) with ( 7 ) can be expressed as
Rernnrk: For the design of discrete-coefficient linear-phase FIR filters, the continuous-coefficierit prototype H , (2) is a linear-phase Note that the constraints in ( 15b) and ( 15c) are equivalent to An SDP relaxation of ( IS) is obtained by neglecting the rank constraint in ( 16) while keeping the remaining two constraints. which leads to the minimization problem subject to: 
where 711 is the first column vector in U that corresponds to the largest singular value u1 of Z* . The motivation behind the second approach is that a perfect solution k* satisfying (15b) would imply that matrix Z ' has rank one, hence ululuf is the best rankone approximation of Z ' in the 2-norm sense.
DESIGN EXAMPLES
The SDP relaxation (SDPR) method described in Sec. 2 was applied to design linear phase FIR filters with SP2 coefficients based on corresponding WLS FIR prototype filters with continuous co- were designed and compared to the suboptimal designs characterized by (6) . optimal designs with SP2 coefficients obtained using IP, and the WLS designs with continuous coefficients in terms of the WLS error e defined by ( I ). The results are summarized in Table l where these four designs are labeled as Design ( 6 ) , SDPR, IP,
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CONCLUDING REMARKS
From the simulations it is observed that the designs based on (6) show considerably larger approximation error and a great deal of design instability. On the other hand, the SDPR method often yields near-optimal designs (and for filters of length Ai > 20) with much reduced computational complexity compared with that required by the IP designs. The same observations also hold for other filter types. It is worthwhile to mention that the SDPR method described in this paper is of illustrative nature as it also applies to a variety of filter designs including the weighted minimax design and WLS designs with constraints in both passbands and stopbands. A detailed account on these and other matters concerning the design of general digital filters with SP2 coefficients will be made available in a separate paper.
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